In this paper we derive a stable second order wave equation for reverse time migration in arbitrarily heterogeneous 3D orthorhombic media (ORT) with vertical and tilted symmetry axis. The formulation is equivalent to the first order elastic wave equation, thus it is physically stable and is a natural extension of the wave equations in VTI and TTI media.
Introduction
Media with orthorhombic symmetry is common in geological environments with fracture systems developed in different directions. For example, two sets of orthogonal vertical fractures produce an orthorhombic media with two vertical symmetry planes and one horizontal symmetry plane (Tsvankin, 2001 ). For a variety of different reasons, the bedding direction can be tilted (tilted orthorhombic media). It has been shown that in such a system, simple polar anisotropy such as VTI or TTI is not sufficient to describe the seismic wave properties (Schoenberg and Helbig, 1997) . It is the purpose of this paper to derive a set of acoustic equations to be used for modeling and Reverse Time Migration (RTM) in vertical and tilted orthorhombic media.
Wave propagation in anisotropic media is naturally and simply handled by the first order wave equations (Cerveny, 2001) . But the second order wave equations usually lead to computational saving and more attractive to use in production. Unlike wave propagation in isotropic media in which P-waves and S-waves are decoupled and the propagation of P-waves is completely governed by a single second order wave equation, P-waves and S-waves in anisotropic media are coupled, leading to more complicated equation system (Cerveny, 2001) . Alkhalifah (2000) introduced a pseudo-acoustic equation in both time and space to model P-wave propagation in transversely isotropic (TI) media based on the P-wave dispersion relation. It contains fourth-order partial derivatives of the wavefield in time and space which leads to complexities in numerical implementation. Alkhalifah (2003) , following the same procedure, gave an acoustic wave equation of sixth order in vertical orthorhombic media. Based on the same dispersion relation as that used in Alkhalifah (2000) , Zhou et al. (2006) obtained a Tilted TI (TTI) system of two coupled second-order partial differential equations which are more convenient to solve numerically.
However, the equations derived in this way cause numerical instability in practice. Several solutions have been proposed to overcome the instability problem. For example, Fletcher et al. (2010) proposed adding non-zero S-wave velocity terms to enhance the stability. Based on a Vertical TI (VTI) system of equations which is equivalent to its elastic counterpart (Duveneck et al., 2008) , Zhang et al. (2011) introduced self-adjoint differential operators in rotated coordinates to stabilize the TTI acoustic wave equations. Duveneck and Bakker (2011) derived a stable TTI acoustic system from Hooke's law and the equation of motion, which are equivalent to their TTI elastic counterpart and provide a theoretically rigorous solution.
In this paper, we extended previous work by Zhang et al. (2011) and Duvenick and Bakker (2011) from TTI to vertical and tilted orthorhombic media. Constraints on Thomsen's parameters need to be satisfied to ensure physical and numerical stability. We have developed a stable high order finite-difference algorithm to solve the equation systems and applied it to RTM. We demonstrate by numerical examples that our method provides stable and high quality RTM images in more general anisotropic media.
Second order wave equation in vertical orthorhombic media
We first derive a second order wave equation in vertical orthorhombic media. Under the acoustic assumption, the equations of motion and the constitutive relation in orthorhombic media read , ,
Taking the second derivative with respect to time on both sides of the constitutive relation in equation 1b, considering the motion equation in equation 1a and setting density to unity, we come up with the following second order wave equations for the three principal stresses:
Equation 3 
Second order wave equation in tilted orthorhombic media
In 3-D TTI media, we need two angles to transform the elastic tensor from local system to global system. For orthorhombic media, since the physical properties are not symmetric in the local x-y plane, we need three angles to describe the transformation. Two angles, ) , ( θ φ , are used to define the vertical axis at each spatial point as we did for the symmetry axis in TTI. The third angle, β , is introduced to rotate the elastic tensor on the local x-y plane and to represent the orientation of the first crack for an orthorhombic media composing two orthogonal crack systems. After some algebraic manipulations, one can obtain the transformation matrix ) ( ij r R = as 
Following the approach of Duveneck and Bakker (2011) for TTI media, we can derive the following stable acoustic wave equation in tilted orthorhombic media:
where 
Though equation 6 is equivalent to its tilted orthorhombic elastic counterpart, it is complicated to implement. Zhang et al. (2011) proposed to use self-adjoint differential operators in rotated coordinates to stabilize the TTI acoustic wave equation, which leads to the following formulation in tilted orthorhombic media
where
is the tilted first-order derivative and 
Physical constraints on Thomsen parameters
To make the system of equations 3 well-posed, the matrix defined in equation 4 has to be semi-positive (Carcione, 2001 , Helbig, 1994 . This requires the following constraints on Thomsen parameters:
Obviously, the acoustic assumption reduces the freedom to choose these parameters than its elastic counterpart does.
RTM in Orthorhombic Media

Numerical implementation
The second order wave equation in both vertical and tilted orthorhombic media can be written in the following concise form:
where L is the operator combining the anisotropy parameter matrix N and spatial derivatives of wavefield. Many standard numerical methods can be used to solve equation 11. We implemented a fourth order temporal finite-difference scheme (Etgen, 1986) ) ( 12
. (12) where 2 0
Operators L in vertical orthorhombic media (equation 3) and in tilted orthorhombic media (equation 8) are quite different, and require different numerical schemes. In vertical orthorhombic media, the differential operators in L are separated second order spatial derivatives and can be efficiently solved using a centered finite-difference scheme.
On the other hand, in tilted orthorhombic media, L contains mixed first order derivatives, in which case a staggered grid scheme would be a conventional choice. However, such a scheme requires interpolating the model parameters onto different computational grids, which may cause accuracy losses. In addition, for higher accuracy, staggered-grid methods usually assume uniform sampling in all three spatial dimensions, which reduces the flexibility of their application and increases computational cost. To overcome these difficulties, we designed a high-order centered finitedifference scheme to compute the first derivatives in all three spatial directions (Zhang and Zhang, 2011) .
Examples
In this section, we compute RTM impulse responses in both TTI media and tilted orthorhombic media.
In the first example (Figure 1 . In the orthorhombic medium, the anisotropy effects show up in both x-y and x-z planes which give significant kinematic difference compared with its TTI counterpart. The depth slices comparison (1c and 1f) shows that the Green function from the tilted orthorhombic RTM is farther away from being symmetric than that in TTI.
The second example (Figure 2) shows RTM impulse responses in a complex 3D salt model with tilted orthorhombic anisotropy. The velocity model is shown in Figure 2a for simplicity. The structural dips, φ and θ (shown in Figure 2b and 2e), are picked from the migrated image as we did for TTI media. The model inside the salt body is isotropic. Therefore, sharp anisotropic parameter contrast exists in this test. Figure 2c and 2f show the impulse responses in inline and crossline direction, respectively. This test shows that the proposed formulation and numerical scheme for tilted orthorhombic media is stable for imaging complex structures.
Conclusions
In this paper, we derived the second order acoustic wave equation in vertical and tilted orthorhombic media from the first order elastic wave equation. Under additional constrains on Thomsen parameters, the system is stable and can be numerically solved by a high-order finite difference scheme. Numerical examples show that the wavefield through an orthorhombic anisotropy medium produces kinematic variation in all the propagation directions. Orthorhombic RTM enhances our ability to image complex structures where fracture systems are developed in different directions. 
